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Abstract
We investigate and classify the possible types of false vacuum bubbles in
Einstein gravity. The false vacuum bubbles can occur only if gravity is
taken into account. We show that there exist solutions only with compact
geometries. The analytic computations for the radius and nucleation rate
of a vacuum bubble are evaluated using the thin-wall approximation. We
discuss possible cosmological implications of our new solutions.
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1 Introduction
The inflationary multiverse scenario was suggested as a nonsingular regenerating inflationary
universe, which contains an infinite number of mini-universes or bubbles with all possible vac-
uum states realized [1, 2]. Our universe would correspond to one of the mini-universes or
bubbles. According to that scenario, there might seem to be no beginning of the whole uni-
verse. The expanding bubble as our universe was introduced in the 1930s [3], in which the
bubbles were defined as causally disconnected regions between which no causal influence can
ever pass. In this paper, we are interested in finding the new types of false vacuum bubbles in
Einstein gravity, which will turn out to have compact geometries.
The bubble nucleation may give some clue to the following three questions:
• Whether the universe could avoid a initial singularity or not?
• Whether the universe came from something or nothing? and
• How could the universe be created with a very low entropy state?
The standard cosmology has the initial big-bang singularity problem [4]. This implies the
incompleteness of causal geodesics in the past direction. The singularity theorem implies that a
spacetime can not satisfy causal geodesic completeness if, together with Einstein’s equations in
the presence of a matter source, some conditions hold [4]. One of traditional prescriptions for
avoiding this problem is to hope the quantum gravity to resolve the initial singularity problem.
The other prescription for this problem is to violate one condition among the assumptions of
the theorem. However, it does not guarantee that the initial singularity could be avoided.
Can the inflationary cosmology avoid this problem? During the inflation the universe vi-
olates a suitable energy condition, one of the key ingredients in various singularity theorems.
Moreover, many inflating spacetimes are likely to violate the weak energy condition by quan-
tum fluctuations [5]. Unfortunately, it turns out that the inflationary cosmology suffers from
the initial singularity problem [6]. The criteria of their analysis is that the average rate of
the Hubble expansion in the past is greater than zero. The simplest strategy is to find the
scenario having the rate less or equal to zero in the past. One of these scenarios is known as
the emergent universe. The universe was asymptotically the closed Einstein static universe at
the past infinite, i.e. the universe has no initial singularity [7, 8]. However, the scenario has
instability [9], which means that the universe in this scenario has the finite history in the past
direction.
We make short comments on the de Sitter (dS) spacetime. The dS spacetime as the spatially
flat Friedmann model is geodesically incomplete. While dS spacetime as the closed Friedmann
model can be geodesically complete, which means the coordinates cover the whole space [10].
Inflation begins after reaching its minimum radius. Thus the necessary part for inflation is only
half of the dS. In this regard, dS for inflation is incomplete in the past direction. A different
point of view avoiding the singularity problem using two arrows of time separated by a dS
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like bounce was studied in Ref. [11] and [12], in which the special boundary conditions at the
bounce are required [13].
There have been many studies on this subject including various theories of gravity [14, 15,
16, 17, 18, 19], though not completely known. One could guess that a nonsingular model in
those theories may correspond to the model with the violation of the energy condition in the
view point of Einstein gravity. Recently the dynamical transition from anti-de Sitter(AdS) to
dS avoiding big crunch singularities was studied in Refs. [20, 21]. However, this transition is
not connected to the nucleation process of a vacuum bubble.
If we consider the multiverse rather than a single universe, the initial singularity issue seems
to be not clear. In the chaotic inflationary model, different parts of the expanding region was
created at different moments of time, and then grow up. Thus the universe as a whole does not
have a single beginning [22]. This scenario may have the so-called measure problem, which we
will not mention further in the present paper.
We now address the case of creating a universe. In Ref. [23], the author speculatively
considered our universe appeared as a fluctuation of the vacuum. He considered our universe
is closed one. In order to obey the energy conservation, he employed the well-known fact that
the total energy of a closed universe is vanishing. In his model, he did not explain about the
origin of the background universe.
There have been studied on the creation of a universe in the laboratory [24, 25, 26]. The
authors considered the massive false vacuum bubble over some critical value of the mass. To
the outside observer it is surrounded by a black hole. For the inside observer, the false vacuum
bubble can inflate without eating up the true vacuum region. The outside observer can only
see the black hole and can not recognize the creation of a universe. In Refs. [27, 28] this
disconnecting region was called as a child universe. However, these bubbles start from the
initial singularity or have special boundary conditions (see [29] for the recent work). We tried
to obtain the false vacuum bubble within the infinite geometry as the nucleation process of
a vacuum bubble in Ref. [30], which has error terms, thus the question within the reasonable
parameter ranges remains to be explored. The case corresponding to the small dS false vacuum
bubble with the negative tension within the large dS geometry (compact geometry) is possible
(The case is not possible in the Einstein gravity.) [30, 31].
A simple question on the creation of the universe is whether our universe was created from
something or nothing, in which something means that there are a spacetime as wall as the laws
of physics forever. And there was a event correspond to the creation of a universe without any
singularity through certain uncertain mechanism from the parent environment. Nothing means
that the universe created with a minimum size from nothing as a quantum event [32, 33, 34, 35]
or through the no boundary proposal [36]. In this respect, nothing would be unstable. One
could assume the laws of physics could be applied into the nothing to treat the creation as a
physical event.
The cosmic landscape scenario is the design that involves a huge number of different
metastable and stable vacua providing all possible states realizing the laws and constants of
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nature [37, 38, 39, 40]. In this kind of framework the tunneling process becomes a remarkable
event. If the vacuum has a positive energy density, dS, then the transition from a lower to a
higher vacuum is possible. This is the so-called recycling process [41, 42]. On the other hand,
if the vacuum has a negative or zero energy density, the reverse tunneling from the true to
the false vacuum state is not possible. Those are called as terminal vacua [43], sinks [44], or
black region [45]. The fraction of the comoving volume of dS vacua decreases as time goes on
due to the existence of the sinks [44]. The black region has vanishing cosmological constant as
a non-inflating region. They described that the rate for tunneling from the black vacuum to
white vacuum with the positive vacuum state is vanishing [45]. If the string theory landscape
scenario allows our solutions, then the concept of above terminologies could be modified due to
the nucleation of false vacuum bubbles.
The early universe or inflationary phase may begin with the extraordinarily low entropy
state [46]. One does not know the exact reason why the universe began with the very low
entropy state. In this respect, the low entropy state in the early universe could be an additional
assumption as an initial condition. If our universe would be a kind of fluctuation out of an
equilibrium state in the eternal spacetime, the ordinary observer like us would be much less
than the total number of Boltzmann brains. This is the Boltzmann brain problem [47, 48, 49].
To avoid the problem, we should show that the universe is not a random fluctuation out of an
equilibrium state or the entropy of the universe is unbounded from above. In the inflationary
universe scenario, the entropy could be produced in the reheating process, the transition period
from the dS like phase to Friedmann universe, in which the process corresponds to a highly
complicated non-equilibrium period. When one ignores the production or the existence of
black holes [50, 51], almost of the total entropy of the present observable universe were created
during the reheating phase according to the inflationary scenario [52, 53]. The entropy puzzle
for the universe with randomly-chosen initial condition [12, 54, 55] could be naturally avoided
by the above fact, i.e. beginning with the very low entropy state and the highly complicated
irreversable events.
According to the recent measurements, one of largest contributors to the entropy of the
observable universe today is supermassive black holes at the centers of galaxies SSMBH ∝ 10
104.
The entropy within the cosmic event horizon as the largest contributor is estimated as SCEH ∝
10122 [56]. Recently the entropy of the universe was introduced as an entanglement entropy
[57]. How could the entropy of the universe be unbounded from above?
Based on the above arguments, the tunneling process giving rise to the nucleation of a
vacuum bubble may take on renewed importance. The purpose of this paper is to investigate the
new types of false vacuum bubbles in Einstein gravity and their cosmological implications. The
false vacuum bubbles with only compact geometries will be shown to be allowed. We will classify
vacuum bubbles according to the size of dS regions and the sign of the cosmological constant
of the each vacuum region. The nucleation of a vacuum bubble without gravity was studied
in Refs. [58, 59] and was extended in curved spacetime [60, 61]. A homogeneous Euclidean
configuration in which the scalar field jumps simultaneously onto the top of the potential
barrier was studied in Ref. [62]. The mechanism for the nucleation of a false vacuum bubble
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within the true vacuum background has also been studied. Nucleation of a large false vacuum
bubble in dS space was originally obtained in Ref. [63]. In the present work, we extend possible
types of false vacuum bubbles to flat and AdS background in Einstein gravity. The nucleation
of a false vacuum bubble with flat or AdS geometry could provide the scenario with no initial
singularity and coming from something. For the entropy issue, the scenario by the nucleation
of a false vacuum bubble could also provide the beginning with a zero or very low entropy state.
If the nucleation process could occur occasionally then the the entropy of the given background
could be unbounded from above by the irreversable events. In the semiclassical approximation,
the nucleation probability of the vacuum bubble is given by Γ ∝ Ae−B/~ [59], in which the pre-
exponential factor A was studied in Refs. [64, 65, 66, 67, 68]. The exponent B is the difference
between Euclidean action corresponding to the solution and that of the background geometry.
We are interested in obtaining the coefficient B.
The paper is organized as follows: In the next section we set up the boundary conditions
for our new solutions with compact geometries. We employ the Euclidean approach to obtain
the action providing the probability for tunneling. We classify the possible types of vacuum
bubbles (true vacuum bubbles, the bounce solutions for degenerate vacua, and false vacuum
bubbles). It is argued that false vacuum bubbles have only compact geometries in Einstein
gravity. In Sec. 3, we numerically solve the coupled equations for the gravity and the scalar
field. We show that there exist the new solutions representing the false vacuum bubbles with
the compact geometry. We evaluate the radius of bubbles and the probability of the solutions
using the thin-wall approximation. In the final section, we summarize our results and discuss
the cosmological implications.
2 Set-up and the classification of vacuum bubbles
We study the simple model in the Einstein gravity with a minimally coupled scalar field. The
scalar field potential has two non-degenerate minima. One minimum corresponds to a true
vacuum state and the other corresponds to a false vacuum state. Both states could be spatially
homogeneous and classically stable. However, they could be metastable quantum mechanically,
and so they could decay via tunneling processes. We study an inhomogeneous tunneling channel.
Let us consider the following action:
S =
∫
M
√−gd4x
[
R
2κ
− 1
2
∇αΦ∇αΦ− U(Φ)
]
+
∮
∂M
√
hd3x
K −Ko
κ
, (1)
where κ ≡ 8πG, g ≡ detgµν , R denotes the Ricci curvature of spacetimeM, K andKo are traces
of the extrinsic curvatures of ∂M computed with outward-pointing normals in the metric gµν
and ηµν , respectively, and the second term in the right-hand side is the so-called York-Gibbons-
Hawking (YGH) boundary term [69, 70]. The gravitational field equations can be obtained
properly from a variational principle with this boundary term. This term is also necessary to
obtain the correct action. Here we adopt the notations and sign conventions in Ref. [71].
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Figure 1: The schematic illustration of the potentials considered in this work. We are interested in the
tunneling with five different types of potentials. Arrows show directions of the tunneling transition between
vacua.
The scalar potential U(Φ) in Eq. (1) has two non-degenerate minima with the lower mini-
mum at ΦT and the higher minimum at ΦF
U(Φ) =
λ
8
(
Φ2 − µ
2
λ
)2
− ǫ
√
λ
2µ
(
Φ− µ√
λ
)
+ Uo , (2)
where the parameter ǫ is roughly the difference between U(ΦF ) and U(ΦT ).
We are interested in the tunneling with five different types as shown in Fig. 1. Arrows show
directions of the tunneling transition between vacua. Type (1) indicates the tunneling between
dS-dS vacua. Type (2) for the tunneling between dS-flat vacua. Type (3) for the tunneling
between dS-AdS vacua. Type (4) for the tunneling between flat-AdS vacua. Type (5) for the
tunneling between AdS-AdS vacua.
After Euclidean rotation we take an O(4) symmetry for both Φ and the metric gµν , expecting
its dominant contribution [72]. The general O(4)-symmetric Euclidean metric takes the form
ds2 = dη2 + ρ2(η)[dχ2 + sin2 χ(dθ2 + sin2 θdφ2)] . (3)
Then, Φ and ρ depend only on η and the Euclidean field equations for them become
Φ′′ +
3ρ′
ρ
Φ′ =
dU
dΦ
and ρ′′ = −κ
3
ρ(Φ′2 + U) , (4)
respectively and the Hamiltonian constraint is given by
ρ′2 − 1− κρ
2
3
(
1
2
Φ′2 − U
)
= 0 , (5)
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(f-11) AdS - AdS(f-10) F - AdS
(f-9) DS - AdS(f-8) DS - AdS(f-7) DS - AdS
(f-6) DS - F(f-5) DS - F(f-4) DS - F
(f-3) DS - DS(f-2) DS - DS(f-1) DS - DS
Figure 2: The schematic diagrams for 11 possible types of false vacuum bubbles with the compact true vacuum
geometry. They are possible as numerical solutions.
where the prime denotes the derivative with respect to η.
We now consider vacuum bubble solutions in Einstein gravity. After reviewing true vacuum
bubbles and bounce solutions for degenerate vacua, we classify the possible types of false vacuum
bubbles. We call ‘flat’ for the geometry with the vanishing cosmological constant, ‘dS’ for the
positive cosmological constant, and ‘AdS’ for the negative cosmological constant. We call
also ‘small’, ‘half’, and ‘large’ if the portion of the dS space does not exceed half, is equal
to half, and does exceed half, respectively. We call ‘finite’ for the geometry with a compact
size. According to the terms [73] we omit mentioning ‘infinite’ for the non-compact geometry if
there is no confusion. We distinguish between half and small dS geometry using the thin-wall
approximation despite the fact that the distinctions between half and small dS geometry is not
clear among the numerical solutions.
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(f-12) DS - DS (f-14) DS - DS(f-13) DS - DS
Figure 3: The schematic diagrams for extra 3 possible types of matching with the thin-wall approximation.
These solutions are not possible.
Firstly, we review true vacuum bubbles. The flat bubble with large dS geometry and the
AdS bubble with infinite flat geometry were first investigated in Ref. [60], in which the nucle-
ation rate and the radius of a bubble were obtained by employing the thin-wall approximation.
The general cases with an arbitrary vacuum energy, i.e. small dS bubble with large dS geome-
try, flat bubble with large dS geometry, AdS bubble with large dS geometry, AdS bubble with
infinite flat geometry, and AdS bubble with infinite AdS geometry, were investigated in Ref.
[61], in which the general formula for the above cases of the true vacuum bubble was obtained.
The spontaneous creation of a membranes [74], the decay of metastable state as the conformal
vacuum [75], and four different instantons corresponding to true vacuum bubble in a dS geom-
etry was studied in Ref. [76]. The possible types of the true vacuum bubbles within the dS
geometry were studied in Ref. [73], in which six types of the true vacuum bubble were analyzed
in more detail. The case representing the AdS bubble with finite flat geometry [77] and the
AdS bubble with finite AdS geometry were studied [78]. In Ref. [77] the authors studied the
case of the AdS bubble with large dS geometry. The geometry is compact, which means ρ is
zero at ηmax. They continuously reduced the false vacuum energy to zero while maintaining
ρ = 0 at ηmax. This bounce solution corresponds to a domain wall-like solution. The separation
of regions between ‘finite’ flat geometry with ρ = 0 at ηmax and ‘infinite’ flat geometry with
ρ = ∞ at ηmax(= ∞) is called Grate Divide. In Ref. [78] the authors also studied the AdS
bubble with the outside compact geometry, i.e. ρ = 0 at ηmax, by lowering the false vacuum
energy from positive to negative.
The possible types of true vacuum bubbles are as follows: (t-1) small dS bubble - large dS
geometry, (t-2) small dS bubble - half dS geometry, (t-3) small dS bubble - small dS geometry,
(t-4) flat bubble - large dS geometry, (t-5) flat bubble - half dS geometry, (t-6) flat bubble -
small dS geometry, (t-7) AdS bubble - large dS geometry, (t-8) AdS bubble - half dS geometry,
(t-9) AdS bubble - small dS geometry, (t-10) AdS bubble - infinite flat geometry, (t-11) AdS
bubble - infinite AdS geometry, (t-12) AdS bubble - finite flat geometry, (t-13) AdS bubble -
finite AdS geometry.
From the cases (t-1) to (t-11), the bubbles correspond to the ordinary CdL-type bubbles.
7
The additional cases are (t-12) and (t-13). For the cases (t-10) and (t-11) the solutions have
the infinite geometry. The others have the compact geometry.
Secondly, we briefly review the bounce solutions for degenerate vacua [79, 80, 81, 82]. The
possible cases are (d-1) dS - dS [79, 80], (d-2) flat - flat, and (d-3) AdS - AdS [80]. All cases
have the compact geometry with Z2 symmetry. The mechanism for making the domain wall
or braneworld-like object is different from the ordinary formation mechanism of the domain
wall because our solutions are instanton (bounce) solutions rather than soliton solutions [80].
In other words, our solutions can be interpreted as solutions corresponding to the domain wall
by an instanton-induced theory rather than a soliton-induced theory. The oscillating solutions
with Z2 symmetry [83] could be interpreted as a mechanism providing nucleation of the thick
wall for topological inflation [84, 85].
We now investigate false vacuum bubbles. In general, false vacuum bubbles can occur only
if gravity is taken into account. The false one with the non-compact geometry is not allowed
in Einstein gravity. This can be seen in Eqs. (3), (4), and (5). In other words, those with
non-compact geometry should correspond to that of the black hole, which can not be matched
to the bubble geometry with O(4) symmetry. Thus we consider the false vacuum bubbles only
with compact geometry in Einstein gravity. Some of them within dS geometry were studied in
Refs. [63] and [73].
The schematic diagrams for 14 possible types of false vacuum bubbles with the compact true
vacuum geometry or matching with the thin-wall approximation are illustrated in Figs. 2 and
3. The figures of the first row (f-1) - (f-3) represent the dS interior and dS exterior geometry,
those of the second row (f-4) - (f-6) represent the dS interior and flat exterior geometry, those of
the third row (f-7) - (f-9) represent the dS interior and AdS exterior geometry, and those of the
fourth row (f-10) and (f-11) represent the flat interior, AdS interior and AdS exterior geometry,
respectively. The cases in Fig. 3 do not have a stationary point in the action. Therefore, these
solutions are not possible.
We classify the possible types of false vacuum bubbles as follows (See, Fig. 2): (f-1) large
dS bubble - small dS geometry, (f-2) half dS bubble - small dS geometry, (f-3) small dS bubble
- small dS geometry, (f-4) large dS bubble - finite flat geometry, (f-5) half dS bubble - finite
flat geometry, (f-6) small dS bubble - finite flat geometry, (f-7) large dS bubble - finite AdS
geometry, (f-8) half dS bubble - finite AdS geometry, (f-9) small dS bubble - finite AdS geometry,
(f-10) flat bubble - finite AdS geometry, (f-11) AdS bubble - finite AdS geometry [82].
All cases have the compact geometry. Among them in Fig. 2, only 11 types of matching can
be obtained as the numerical solutions (Fig. 2). From (f-1) to (f-9), the false vacuum bubbles
have the positive vacuum energy, i.e. the cases represent the nucleation of dS space. If we
compare the false vacuum bubbles with the true ones, we can make a pair between the false
and true one. The pairs consist of ((f-1) and (t-1)), ((f-2) and (t-2)), ((f-3) and (t-3)), ((f-4) and
(t-4)), ((f-5) and (t-5)), ((f-6) and (t-6)), ((f-7) and (t-7)), ((f-8) and (t-8)), ((f-9) and (t-9)),
((f-10) and (t-12)), and ((f-11) and (t-13)). If we employ the transform η → ηmax − η, the
bounce solutions for a false vacuum bubble could be expected. The important thing is to show
the existence of the false vacuum bubbles as the numerical solutions and obtain the nucleation
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probability. The implications of the solutions could be also important when the solutions could
be applied to the history of the very early universe.
In what follows, we suppose that the background space initially resides in the homogeneous
true vacuum, ΦT . Due to the asymmetry of the potential, the probability for ΦT selected as
the initial background state is slightly larger than the probability for ΦF . The probabilities for
both ΦT and ΦF will be same in the case of the vanishing ǫ, i.e. the case under the potential
with degenerate minima. Although the higher probability for ΦT , there is a significant dispar-
ity between two situations. The tunneling from ΦF to ΦT , down-tunneling, is quite natural.
However, the tunneling from ΦT to ΦF , up-tunneling, is not quite natural. In the absence of
gravity, the event may not occur. Our work is devoted to the event in the presence of Einstein
gravity. The strategy for obtaining our solutions is straightforward. We impose the boundary
conditions in accord with the solution what we want to obtain. After finding the numerical
solutions yielding above equations, we will calculate the radius and the nucleation rate of a
vacuum bubble.
We now impose the boundary conditions to solve Eqs. (4) and (5) in accord with the new
solutions with compact geometry. For this purpose, the values of the field ρ and derivatives of
the field Φ are imposed at both ends of the evolution parameter, i.e. η = 0 and η = ηmax as
follows:
ρ|η=0 = 0, ρ|η=ηmax = 0,
dΦ
dη
∣∣∣
η=0
= 0, and
dΦ
dη
∣∣∣
η=ηmax
= 0, (6)
where ηmax is the maximum value of η and is a finite value in this work. The first two conditions
are for the background space. The last two conditions are for the scalar field. The first condition
is to obtain a geodesically complete spacetime. The second condition is to obtain a compact
geometry. For dS background the second condition is natural. The third and fourth conditions
guarantee that the solutions are regular at both ends as can be seen from the first equation
in Eq. (4). We now mention one superfluous condition on the initial value of Φ|η=0 = Φo,
which is not determined. One should find the initial value of Φ using the undershoot-overshoot
procedure. Some initial Φo will give the overshooting, in which the value of Φ at late η value
will go beyond ΦT or ΦF with a nonvanishing velocity. Some other initial value Φo will give
the undershoot, in which the value of Φ at late η does not climb all the way up to ΦT or ΦF .
Thus, the value Φo should exist within an intermediate position between the undershoot and
overshoot [59]. Then, the solution yields a maximum of the action rather than a minimum, i.e.
it gives the saddle point of the action. This implies the existence of a negative mode as a bounce
solution. The negative mode is caused by the variation for the behavior of the magnitude of
the action depending on the magnitude of the radius of a bounce solution [64, 65, 66, 67, 68].
We employ these boundary conditions for our bounce solutions.
We note that the condition for new solutions is to have the existence of ρ′ = 0. In other
words, it can be given by
U(Φtop) > 0 , (7)
where U(Φtop) indicates the local maximum point of the potential U(Φ). If the parameter ǫ is
equal to zero, then the condition is reduced to the follows: Uo > −µ4/8λ [80].
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3 The nucleation of a false vacuum bubble
We solve the coupled equations for the gravity and the scalar field simultaneously satisfying
with boundary conditions Eq. (6). After finding the numerical solutions we evaluate the radius
and the nucleation rate of a vacuum bubble using the thin-wall approximation.
3.1 Numerical solutions
We rewrite the equations in terms of dimensionless variables as in Ref. [80]. We employ the
shooting method using the adaptive step size Runge-Kutta as done in Ref. [86]. For this
procedure we choose the initial values of Φ˜(η˜initial), Φ˜
′(η˜initial), ρ˜(η˜initial), and ρ˜′(η˜initial) at
η˜ = η˜initial as follows:
Φ˜(η˜initial) ∼ Φ˜o + ε
2
16
[Φ˜o
(
Φ˜2o − 1
)
− ǫ] + ε
3
384
[Φ˜o
(
Φ˜2o − 1
)
− ǫ]
(
3Φ˜2o − 1
)
+ · · ·,
Φ˜′(η˜initial) ∼ ε
8
[Φ˜o
(
Φ˜2o − 1
)
− ǫ] + ε
2
128
[Φ˜o
(
Φ˜2o − 1
)
− ǫ]
(
3Φ˜2o − 1
)
+ · · ·, (8)
ρ˜(η˜initial) ∼ ε+ · · ·,
ρ˜′(η˜initial) ∼ 1 + · · ·,
where η˜initial = 0 + ε and ε ≪ 1. In numerical calculation, we take η˜initial = ε instead of 0 to
obtain a regular evolution as the first step, as one can check the smoothness of each term in
Eq. (4). The functions Φ˜(η˜initial), Φ˜
′(η˜initial), ρ˜(η˜initial), and ρ˜′(η˜initial) are smooth, so that one
can employ the Taylor expansions of these functions around the initial values as above. After
finding the initial value Φ˜o numerically, the other conditions are given by Eqs. (8).
In order to ensure the regular solution at η˜ = η˜max in Eq. (4), we demand the conditions
dΦ˜/dη˜ → 0 and ρ˜→ 0 as η˜ → η˜max. In this work, the exact value of η˜max is not known.
Figure 4 shows the numerical solutions for Φ and ρ. Figures 4(a) and 4(b) correspond to the
case (f-1) in Fig. 2, i.e. large dS bubble - small dS geometry, in which the position of the wall
is over the location of η˜ corresponding to the maximum value of ρ˜ for dS bubble. While figures
4(c) and 4(d) correspond to the case (f-3) in Fig. 2, i.e. small dS bubble - small dS geometry,
in which the width of the wall includes the location of ρ˜max. The ρ˜max does not reach at the
maximum value of ρ˜ for the inside dS bubble or dS geometry. We take ǫ˜ = 0.1, κ˜ = 0.05, and
U˜o = 0.55 for top figures, while ǫ˜ = 0.04, κ˜ = 0.30, and U˜o = 0.01 for bottom figures.
Figure 5 shows the numerical solutions for Φ and ρ. Figures 5(a) and 5(b) correspond to
the case (f-4) in Fig. 2, i.e. large dS bubble - finite flat geometry, while figures 5(c) and 5(d)
correspond to the case (f-6) in Fig. 2, i.e. small dS bubble - finite flat geometry. We take ǫ˜ = 0.1,
κ˜ = 0.37, and U˜o = 0.0012 for top figures. ǫ˜ = 0.04, κ˜ = 0.5, and U˜o = 0.0077 for bottom
figures.
Figure 6 shows the numerical solutions for Φ and ρ. Figures 6(a) and 6(b) correspond to
the case (f-7) in Fig. 2, i.e. large dS bubble - finite AdS geometry, while figures 6(c) and 6(d)
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Figure 4: dS-dS cases. (a) and (b) correspond to the case (f-1) in Fig. 2, i.e. large dS bubble - small dS
geometry, while (c) and (d) correspond to the case (f-3) in Fig. 2, i.e. small dS bubble - small dS geometry.
correspond to the case (f-9) in Fig. 2, i.e. small dS bubble - finite AdS geometry. We take
ǫ˜ = 0.10, κ˜ = 0.3, and U˜o = −0.001 for top figures. ǫ˜ = 0.04, κ˜ = 0.8, and U˜o = −0.02 for
bottom figures.
Figure 7 shows the numerical solutions for Φ and ρ. Figures 7(a) and 7(b) correspond to
the case (f-10) in Fig. 2, i.e. flat bubble - finite AdS geometry, while figures 7(c) and 7(d)
correspond to the case (f-11) in Fig. 2, i.e. AdS bubble - finite AdS geometry. We take ǫ˜ = 0.01,
κ˜ = 0.95, and U˜o = −0.01 for flat-AdS case. ǫ˜ = 0.01, κ˜ = 0.95, and U˜o = −0.015 for AdS-AdS
case.
3.2 Nucleation rate
We now evaluate the nucleation rate e−B. The exponent B is the difference between the action
of the bubble solution and that of the background geometry. The Euclidean action is given by
SE =
∫
M
√
gEd
4x
[
− R
2κ
+
1
2
∇αΦ∇αΦ + U(Φ)
]
−
∮
∂M
√
hEd
3x
K −Ko
κ
. (9)
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Figure 5: ds-flat cases. (a) and (b) correspond to the case (f-4) in Fig. 2, i.e. large dS bubble - finite flat
geometry, while (c) and (d) correspond to the case (f-6) in Fig. 2, i.e. small dS bubble - finite flat geometry.
We consider the action for the background space. The Euclidean dS space is a compact geome-
try, so that there is no YGH boundary term. The boundary term can contribute to the action
for flat Minkowski and AdS space. The YGH boundary term with the extrinsic curvature K
has the contribution from both the vacuum energy and the shape of the geometry at the bound-
ary. The YGH boundary term with the subtraction Ko can be introduced to ensure the action
vanishing identically for flat space, i.e., the term cancels out the contribution from the shape
of the geometry at the boundary. As a result, it gives SE(flat) = 0. The Euclidean action for
AdS space has the contribution of +∞ from the bulk part and −∞ from the boundary term.
However, the contribution from the boundary term is greater than that from the bulk part.
Thus, it gives SE(AdS) = −∞. This property could be renormalized by introducing a specific
counter term.
We now consider the action for both the solution and the background space. We note that
both false vacuum bubbles and the background are the solutions of equations of the motion
with O(4) symmetry. For O(4)-symmetric solution, the bulk part in Eq. (9) can be divided into
12
0 10 20 30
0
4
8
12
  
 
0 10 20 30
-1
0
1
  
 
0 10 20 30
0
4
8
12
 
 
0 10 20 30
-1
0
1
  
 
(d)(c)
(b)(a)
Figure 6: dS-AdS cases. (a) and (b) correspond to the case (f-7) in Fig. 2, i.e. large dS bubble - finite AdS
geometry, while (c) and (d) correspond to the case (f-9) in Fig. 2, i.e. small dS bubble - finite AdS geometry.
two parts after integration by parts, which makes the action as
SE = 4π
2
∫ ηmax
0
dη
[
ρ3U − 3ρ
κ
]
+
6π2
κ
(ρ2ρ′)|ηmax −
2π2ρ3
κ
(K −Ko)|ηmax , (10)
whereK = 3ρ
′
ρ
|ηmax andKo = 3η |ηmax . The surface term from the parts integration, 6π
2
κ
(ρ2ρ′)|ηmax ,
and the YGH boundary term are harmless if one is interested in the action difference between
the solution and the background that agree at asymptotics [60]. Actually, the surface term is
exactly canceled by the boundary term, −2π2ρ3
κ
K|ηmax [90]. The dS space with compact geom-
etry has neither the surface term nor YGH boundary term. This is true for our solutions with
compact geometries, while the backgrounds for flat and AdS space have both two terms. We
perform the analytic computation carefully with this point.
We evaluate the nucleation rate of a false vacuum bubble. The fields vary continuously
between one and the other vacuum state as shown in numerical solutions. If the coefficient ǫ
in Eq. (2) is small in comparison with all other parameters of the model, we can make use of
the thin-wall approximation scheme to evaluate B. The validity of that in the case of a true
vacuum bubble has been examined [87, 88]. We assume the thin-wall approximation is still
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Figure 7: Flat-AdS and AdS-AdS cases. (a) and (b) correspond to the case (f-10) in Fig. 2, i.e. flat bubble
- finite AdS geometry, while figures (c) and (d) correspond to the case (f-11) in Fig. 2, i.e. AdS bubble - finite
AdS geometry.
valid in this work. Analogous to the case in the absence of gravity, the Euclidean action could
be divided into three parts: B = Bin +Bwall +Bout.
The contribution of the wall is given by Bwall = 2π
2ρ¯3So, in which 2π
2ρ¯3 is treated as a
constant inside the wall. The surface density or the tension of the wall So(=
2µ3
3λ
) is a positive
constant [59, 89]. The ǫ-dependent term in Eq. (2) and the damping term in Eq. (4) were
neglected in the leading order [59]. We note that the O(ǫ) of contribution to Bwall by ǫ has
different signs, i.e. + contribution for up-tunneling and − contribution for down-tunneling.
We now compute the contribution from the inside of the wall Bin(= S
F
in − STin), where the
SFin corresponds to the false vacuum configuration inside of the wall, while S
T
in corresponds to
the true vacuum configuration of the background inside of the wall. The expression will depend
on the size of the bubble and the background geometry. As pointed out in Ref. [73], if the size
of dS bubble is larger than half of its dS size, the integration range of the false vacuum region in
Bin should be divided into two parts. Likewise, if the size of dS background is larger than that,
the range should be also divided into two parts as for the case (f-1) in Fig. 2. For example, the
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formula of Bin for the case (f-1) can be described as
Bin = S
F
in − STin = 4π2
[∫ ρmax
0
dρ
ρ3UF − 3ρκ
(1− κ
3
ρ2UF )1/2
−
∫ ρ¯
ρmax
dρ
ρ3UF − 3ρκ
(1− κ
3
ρ2UF )1/2
]
− 4π2
[∫ ρmax
0
dρ
ρ3UT − 3ρκ
(1− κ
3
ρ2UT )1/2
−
∫ ρ¯
ρmax
dρ
ρ3UT − 3ρκ
(1− κ
3
ρ2UT )1/2
]
=
12π2
κ2
[
−1 − (1− κ
3
ρ¯2UF )
3/2
UF
− −1− (1−
κ
3
ρ¯2UT )
3/2
UT
]
, (11)
where ρmax(F/T ) =
√
3/κUF/T for dS geometry and we use the relation
dρ = ±dη
[
1− κρ
2U
3
]1/2
, (12)
where + is for 0 ≤ η < ηmax/2, 0 is for η = ηmax/2, and − is for ηmax/2 < η ≤ ηmax, respectively.
The formula of Bin for the false vacuum bubbles can be summarized as
Bin =
12π2
κ2
[
−1± (1− κ
3
ρ¯2UF )
3/2
UF
− −1± (1−
κ
3
ρ¯2UT )
3/2
UT
]
. (13)
Here the + sign in front of (1 − κ
3
ρ¯2UF )
3/2 is for the small bubble, (f-3), (f-6), (f-9), (f-10),
and (f-11), while the − sign is for the large dS bubble, (f-1), (f-4), and (f-7). For the half dS
bubble, (1− κ
3
ρ¯2UF )
3/2 is vanishing. The + sign in front of (1− κ
3
ρ¯2UT )
3/2 is for the flat or AdS
background, (f-4), (f-5), (f-6), (f-7), (f-8), (f-9), (f-10), and (f-11), while the − sign is for the dS
background, (f-1), (f-2), and (f-3). As a mnemonic, the + signature is for “small”, while the
− signature is for “large”. This holds true also for Bin of the true vacuum bubble solutions,
which can be obtained by switching UT ↔ UF and by keeping only the + sign of the first term
changed by (1 − κ
3
ρ¯2UT )
3/2. This is because the true vacuum bubble is “small” as can be seen
in Fig. 1 in Ref. [73]. The true vacuum bubbles in Ref. [61] correspond to taking positive signs
in both terms, i.e. the small true vacuum bubbles and the small background in the inside part.
We note that the contribution to the action from the inside of the wall is negative for both
the true vacuum, STin < 0, and the false vacuum configuration, S
F
in < 0, while S
T
in < S
F
in.
Therefore Bin = S
F
in − STin > 0 for the false vacuum bubbles. This is opposite sign to that of
the CdL-type true vacuum bubbles, BCDin = S
T
in − SFin < 0.
We now consider the contribution from the outside of the wall Bout. For the CdL-type true
vacuum bubble, there is no contribution to B, i.e., Bout = 0. For the false vacuum bubbles, this
is true only for dS space. This is due to the same contribution from the bubble solution and
the background space. For the flat and AdS space the evaluation of Bout is more subtle. The
integration by parts should be carried out carefully. Our solutions with compact geometries
have neither the surface term nor YGH boundary term. However, the backgrounds for flat
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and AdS space have both two terms in Eq. (10), which is located at ηmax. The size of the
background space will go to infinity as ρ˜imax(ηmax) goes to infinity. Therefore, the contribution
from the outside part in both flat and AdS geometry is evaluated to be
Bout = 4π
2
[∫ 0
ρ¯
(−dρ) (ρ
3UT − 3ρκ )
[1− κ
3
ρ2UT ]1/2
−
∫ ρ˜imax
ρ¯
dρ
(ρ3UT − 3ρκ )
[1− κ
3
ρ2UT ]1/2
]
+ Bsur +
2π2ρ3
κ
(K −Ko)|ηmax , (14)
where the first term in the right-hand-side is from the outside of a solution and the second
term is from the background space. The surface term Bsur = −6π2κ (ρ2ρ′)|ηmax and the YGH
boundary term 2π
2ρ3
κ
K|ηmax coming only from the background space are canceled out. Then the
remaining terms in the action become
Bout =
12π2
κ2UT
[
2
(
1− κ
3
ρ¯2UT
)3/2]
+Bfeff , (15)
where
Bfeff = − 12π
2
κ2UT
[
1 +
(
1− κ
3
ρ˜i2maxUT
)3/2]
− 2π
2ρ3
κ
Ko|ηmax . (16)
We briefly summarize the results of Bfeff in Eq. (16). For the dS bubble with the dS
background space, which corresponds to the cases (f-1), (f-2) and (f-3), Bfeff (and Bout) is
vanishing. This is because both the dS bubble solution and the dS background space have
neither the surface term nor the YGH boundary term. For the flat and AdS background space
Bfeff is not vanishing. For the flat background space, the term
6π2
κ
ρ˜i2max is canceled by the
subtraction term −2π2ρ3
κ
Ko|ηmax in Eq. (16). The term − 24π
2
κ2UT
in Bfeff is canceled by the first
term in the right-hand-side in Eq. (15). Thus the final contribution is Bout = −12π2κ ρ¯2. For the
AdS background, Bfeff =
4π2√
κ
√
|UT |
3
ρ˜i3max + O(ρ˜i3max/ηmax). As the size of the AdS background
space goes to infinity which means ηmax →∞, then Bfeff → +∞, hence Bout → +∞.
We now evaluate the nucleation rate, i.e. B = Bin + Bwall + Bout. The nucleation rate is
given by
B =
12π2
κ2
[
−1± (1− κ
3
ρ¯2UF )
3/2
UF
− −1 − (1−
κ
3
ρ¯2UT )
3/2
UT
]
+ 2π2ρ¯3So +Bfeff . (17)
Here the +/− sign in front of (1 − κ
3
ρ¯2UF )
3/2 is for the small/large bubble. We note that the
sign in front of (1− κ
3
ρ¯2UT )
3/2 is − for all cases. This sign is determined only by Bin for the dS
background, which is negative as explained below Eq. (13). For the flat and AdS background
space the extra contribution from Bout changes the + sign from Bin into −.
The size ρ¯ of the bubble is determined by extremizing B. The general formula for ρ¯ is
evaluated to be
ρ¯2 =
ρ¯2o
D
, (18)
16
where ρ¯o = 3So/ǫ is the radius of the true vacuum bubble in the absence of gravity. D =[
1 + 2( ρ¯o
2λ1
)2 + ( ρ¯o
2λ2
)4
]
, λ21 = [3/κ(UF + UT )], and λ
2
2 = [3/κ(UF − UT )]. The term Bfeff does
not affect the determination of ρ¯. The form of ρ¯ is nontrivially the same as those obtained
in Refs. [61, 73]. This can be seen from the observation that the expression B for the false
vacuum bubble in Eq. (17) and the true vacuum bubble in Refs. [61, 73] are the same up to
the ρ¯-dependent terms. The differences are the sign in front of 1/UT/F and the existence of the
Bfeff , which is irrelevant to getting ρ¯. In more detail, the sign of (1 − κ3 ρ¯2UF )3/2 is positive
in Ref. [61], while both are allowed in Ref. [73]. There exist two bubbles with the same radius
formula in Euclidean dS space of the topology S4. One corresponds to the large bubble, while
the other corresponds to the small bubble. For the large one, UF − UT = ǫ > 3κS
2
o
4
, while for
the small one, ǫ < 3κS
2
o
4
. However, the numerical values of the radii are different. The large
bubble occur with the small numerical value κ˜(= µ
2
λ
κ), while the small bubble occur with the
large numerical value κ˜. In numerical work, η˜max becomes smaller as κ˜ becomes larger.
After plugging ρ¯ into Eq. (17) the general formula for B is evaluated to be
B =
2Bo[{1 + ( ρ¯o2λ1 )2}+D1/2]
[( ρ¯o
2λ2
)4{(λ2
λ1
)4 − 1}D1/2] +Bfeff , (19)
where Bo = 27π
2S4o/2ǫ
3 is the nucleation rate of a true vacuum bubble in the absence of gravity
and Bfeff is nonvanishing for flat and AdS background space. This result for dS background,
where Bfeff is vanishing, is already derived in Ref. [73]. We note that the formula for the false
vacuum bubble has the + sign in front of D1/2 in the numerator [73], while the formula B for
the true vacuum bubbles has the − sign in front of D1/2 in the numerator [61, 73].
We nontrivially obtained the same form for all false vacuum bubbles by using the following
conditions. For large dS bubbles (corresponding to the cases (f-1), (f-4), and (f-7)), which
occur when ǫ > 3κS2o/4 or equivalently when 1 > (
ρ¯o
2λ2
)2, we used the relation (1− κ
3
UF ρ¯
2)3/2 =
[1−( ρ¯o
2λ2
)2]3
D3/2
. For small bubbles, (f-3), (f-6), (f-9), (f-10), and (f-11), which occur when ǫ < 3κS2o/4
or ( ρ¯o
2λ2
)2 > 1, we used the relation (1− κ
3
UF ρ¯
2)3/2 =
[( ρ¯o
2λ2
)2−1]3
D3/2
.
We explain B more detail for each case. We first explain the B with the dS background for
the cases (f-1), (f-2) and (f-3). The case (f-1) was considered in Ref. [63], where the authors
obtained the ratio between the decay rate of the true vacuum and that of the false vacuum. The
radius and nucleation rate for all these cases were evaluated using the thin-wall approximation
in Ref. [73].
We explain the B with flat background. If UT → 0, then λ1 → λ2 and the denominator
D1/2 becomes (1 + (ρ¯o/2λ2)
2). As a result we obtain the same form of the radii for (f-4) and
(f-6) nontrivially. It can be expected from Fig. 2. The form is the same as that in Ref. [60]. It
can be continuously matched at the case (f-5). The final form of B is evaluated to be
B = Bfinite +O(UT ) , (20)
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where O(UT ) is vanishing and Bfinite is −24π
2(1+
3κS2o
2ǫ
)
κ2ǫ[1+( ρ¯o
2λ2
)2]2
for (f-4), −24π
2
κ3S2o
for (f-5),
−24π2(1+ 3κS
2
o
2ǫ
)
κ2ǫ[1+( ρ¯o
2λ2
)2]2
for
(f-6), respectively. The form of the nucleation rate for the cases (f-4) and (f-6) turns out to be
the same nontrivially. For the case (f-4), we used the relation (1 − κ
3
UF ρ¯
2)3/2 = (1 − κSoρ¯
2
)3.
For the case (f-6), we used the relation (1 − κ
3
UF ρ¯
2)3/2 = (κSoρ¯
2
− 1)3. The nucleation rate can
be also continuously matched among three cases. For all three cases, B is negative. This is
because the main contribution to B comes from the Bout < 0, even though Bin +Bwall > 0. In
other words, B = SF − ST < 0, where SF < 0 and finite, and ST = 0.
We explain the nucleation rate for AdS background, which corresponds to the cases (f-7), (f-
8), (f-9), (f-10), and (f-11). As the size of the AdS background space goes to infinity which means
ηmax →∞, then Bout → +∞. The exponent of the nucleation rate is B = Bin +Bwall + Bout.
Bout gives the dominant contribution in B, i.e., B → +∞. In other words, SF < 0 and finite
for the solutions, however ST → −∞ for the AdS background which gives B → +∞. The
probability for the nucleation is exponentially suppressed. In order to obtain the finite value
of B, we need to employ the finite size ρ˜imax cutoff for the initial space or the counter term to
renormalize the action in AdS space.
4 Summary and Discussion
We have studied the nucleation process of the false vacuum bubbles in Einstein gravity with
a minimally coupled scalar field. The potential has one higher and the other lower vacuum
state. The tunneling from the higher to the lower vacuum state, down-tunneling, is quite
natural and always possible. The inverse tunneling from the lower to the higher, up-tunneling,
does not always occur. The solutions exist only if gravity is taken into account. In this work,
we investigated possible up-tunnelings and classified the types of false vacuum bubbles, which
depends on the size of dS regions and the sign of the cosmological constant of the each vacuum
region. We have shown the existence of new false vacuum bubbles by numerically solving the
coupled equations for the gravity and the scalar field simultaneously.
The false vacuum solutions only with compact geometry are possible in Einstein gravity.
The radius of regions and the nucleation probability are obtained as analytic computation using
the thin-wall approximation. The solutions are as follows (See, Fig. 2): (f-1) large dS bubble -
small dS geometry, (f-2) half dS bubble - small dS geometry, (f-3) small dS bubble - small dS
geometry, (f-4) large dS bubble - finite flat geometry, (f-5) half dS bubble - finite flat geometry,
(f-6) small dS bubble - finite flat geometry, (f-7) large dS bubble - finite AdS geometry, (f-8) half
dS bubble - finite AdS geometry, (f-9) small dS bubble - finite AdS geometry, (f-10) flat bubble
- finite AdS geometry, (f-11) AdS bubble - finite AdS geometry. We interpret the nucleation
process as tunneling events. The solutions could be expected by η → ηmax − η from the case
of a true vacuum bubble. The important thing is to show the existence of the false vacuum
regions as the numerical solutions and obtain the nucleation rate. We expect that our solutions
are nonsingular at ηmax, because we are sure our numerical solutions being smooth at ηmax. We
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demanded the conditions dΦ/dη → 0 and ρ → 0 as η → ηmax to ensure the regular solutions
at η = ηmax. If the initial background space has the finite size the tunneling interpretation will
be meaningful.
In this work we also evaluated the nucleation rate of the false vacuum bubble solutions
and the background. Our solutions with compact geometries have neither the surface term nor
YGH boundary term, while the backgrounds for flat and AdS space have both two terms in Eq.
(10). We obtained the finite probability using the thin-wall approximation for the cases (f-4),
(f-5) and (f-6), i.e. the dS false vacuum bubbles with the flat background. It is not clear how
to interpret the physical meaning of the negative value of the action in the present work.
For the case (f-7), (f-8), (f-9), (f-10) and (f-11), the diverging background subtraction causes
the probability for the solutions being exponentially suppressed. We also correct the probability
for the solution in the AdS background to be exponentially suppressed instead of be diverged in
Ref. [80]. In order to obtain the finite value of B, we need to employ the finite size ρ˜imax cutoff
for the initial background space or the counter term to regularize the action in AdS space.
The negative sign is related to the fact that the Euclidean action for Einstein gravity is not
bounded from below, which is known as the conformal factor problem in Euclidean quantum
gravity [91, 92]. Anyway, we can obtain the finite action for the solutions and the finite B for
the cases (f-4), (f-5), and (f-6). The important thing is the fact that, once the dS vacuum can
be nucleated, the inflationary expansion could be eternal into the future and has the possibility
of the self-reproduction.
For the nucleation of true vacuum bubbles, there exist the Great Divide representing the
separation between true vacuum bubbles with a non-compact and those with a compact geom-
etry of zero and negative cosmological constant. The solution with the compact geometry can
be interpreted as a kind of domain wall production. For the false vacuum bubbles, there does
not exist the Great Divide. We showed solutions only compact geometry are allowed.
We began our study on the false vacuum bubbles with the following three questions:
• Whether the universe could avoid a initial singularity or not?
• Whether the universe came from something or nothing? and
• How could the universe be created with a very low entropy state?
We have had a question on avoiding the initial singularity problem and on the universe from
nothing or something. We expect that if the inverse tunneling from the flat or AdS to dS was
possible in the very early universe the whole universe could be complete in the past direction
without the initial singularity and the universe could be created from something within the
multiverse or the cosmic landscape scenario. If our solutions are applied to the scenarios, the
concept on the terminal vacuum or sink could be modified. For the entropy issue, the scenario
by the nucleation of a false vacuum bubble could also provide the beginning with a zero or very
low entropy state. If the nucleation process could occur occasionally then the the entropy of
the given background could be unbounded from above by the irreversable events.
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We expect that the multiverse or the cosmic landscape scenario could resolve some of the
puzzles including the cosmological constant problem. If the scenario has a huge number of
different metastable and stable vacua, the study on the tunneling among different vacua could
have physical significance and deserve further investigation. If the universe allows the successive
tunneling process to lower vacuum or high vacuum state even it will take the extremely long
time, there could be no Boltzmann brain problem [47, 48, 49]. The successive tunneling process
could remedy the negative action occurred in a single tunneling event thanks to the adding of
the contribution for the cases with the positive action. If our mechanism works in the whole
universe, the universe starts with zero entropy and increases to the maximum value according
to the inflationary scenario and black hole formations after dS regions creation. However the
entropy of the universe is unbounded from above due to the uncleation in our framework. The
measure problem including our results in the scenarios remains to be explored.
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